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ABSTRACT 

A map T: X --~ X on a normed linear space is called nonexpansive  if 

[ITx .- Ty[[ <_ [[x - y[[ Vx, y E X. Let (ft, E, P)  be a probabili ty space, 

.To C Yl C . . .  C .Tn an increasing chain of g-fields spanning E, X a 

Banach space, and T: X --~ X.  A sequence (Xn) of strongly Jrn-measurable 
and strongly P-integrable  functions on f~ taking on values in X is called a 

T - m a r t i n g a l e  if E ( x n + l  } .Tn) = T(x~).  

Let T: t l  ~ H be a nonexpansive mapping on a Hilbert  space H, and 
let (x~) be a T-mart ingale  taking on values in H. If 

oo 

~_] n - 2 E l l x ~ + l  - Tx, I I  2 < oo, 

then x,a/n converges a.e. 

Let T: X ~ X be a nonexpansive mapping on a p-uniformly smooth  

Banach space X,  1 < p < 2, and let (xn) be a T-mart ingale  (taking on 

values in X).  If 

E n - V E ( l l x ,  -- Txn_l [ [  p) < oo, 

* T h i s  work  was  s u p p o r t e d  by Na t iona l  Science  F o u n d a t i o n  G r a n t  MCS-82-02093.  
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then there exists a continuous linear functional f E X* of norm 1 such 
that 

lim f(xn)/n : lim IIx~ll/n : inf{l lTx - xll:  x ~ x }  a.e. 

If, in addition, the space X is strictly convex, xn /n  converges weakly; 
and if the norm of X* is Frdchet differentiable (away from zero), x n / n  
converges strongly. 

1. I n t r o d u c t i o n  

The  Opera to r  Ergodic Theorem (OET) asserts that ,  if A: H ~ H is a linear 

opera tor  with norm 1 on a Hilbert space, then, for every x E H,  

x + A x  + . . .  + A n x  

n 
converges (strongly). 

The  Strong Law of Large Numbers  (SLLN) for mart ingales in Hilbert  spaces 

says tha t  if (xn) is an H-valued mart ingale such tha t  

CX) 

E k-2E( i lxk+l  - xkil2) < (x~, 
k=l 

then 

x_.~ converges a.e. (to zero). 
n 

In the proposi t ion below, we provide a result tha t  generalizes bo th  these 

classical theorems. 

A map  T:  X -+ X on a normed linear space is called n o n e x p a n s i v e  if 

II T x  - TYll <- It x - Yll Vx,  y E Z .  

Let (12, E, P )  be a probabil i ty space and let 9v0 C 9Vl C . . .  C 5v,~ be an 

increasing chain of a-fields spanning E. A sequence (x,~) of s t rongly 

~ 'n-measurable  and strongly P- integrable  functions on 12 taking on values in 

a (real separable*) Banach space X,  is called an X - v a l u e d  s t o c h a s t i c  p r o c e s s .  

If, in addit ion,  for some map  T:  X ---} X,  

E(Xn+l [ ~-n) = T(xn) ,  n = 0, 1 , . . . ,  

* The results hold for any Banach space. However, as the values of any sequence 
(x~) of strongly 7--~-measurable and strongly P-integrable functions on f~ taking 
on values in a Banach space are with probability I in a separable subspace, we 
may assume w.l.o.g, that  the values are in a separable B-space. 
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then (x~) is called a T - m a r t i n g a l e .  

Of course, if T is the identity, then T-martingales are just ordinary martingales. 

In general, the class of all T-martingales consists of all sequences (x~) of the 

form xo = d o , . . . ,  x~+l = T(x~) + d~+l where (d~) is an ordinary martingale- 

difference sequence, i.e., E(d~+l  I ~',~) = 0. 

PROPOSITION 1: Let T: H ~ H be a nonexpansive mapping on a Hilbert space 

H, and let (x~) be a T-martingale taking on values in H. I f  

o o  

n-2E([]X~+l - Tx~ll 2) < e~, 
n = l  

then 
Xn 
- -  converges a.e. 
n 

To see that the proposition in fact includes both the SLLN and the OET 

(for Hilbert spaces), note the following equivalent reformulation of the OET: I f  

T: H --+ H is a nonexpansive aJfine mapping on a Hilbert space, then T n x / n  

converges Vx E H.  

To verify the equivalence of the formulations note that  any map T: H --+ H is 

a nonexpansive affine map iff it is of the form T y  = x + Ay  where A is a linear 

operator of norm less than or equal to one; since Tny  = x + A x + . . . + A n - I x + A n y ,  

the sequence T'~x/n  converges Vx C H iff the sequence (x + Ax  + . - -  + A n - l x ) / n  

converges Vx 6 H.  

Thus the OET can be obtained from the proposition by restricting attention to 

deterministic (x~), whereas the SLLN is the special case where T is the identity. 

But  the proposition also yields results combining the OET and the SLLN. For 

example, we show that  it implies the following. 

If A: H -+ H is a linear operator of norm 1 on a Hilbert space, and if Bi: H -+ 

H are (random) linear operators of norm at most 1 such that  

E(Bn  [ B 1 , . . . , B u - 1 )  -- A 

and 
o o  

E(iIBk -- A[[ 2) < c~, 
k----1 

then, for every x 6 H,  almost everywhere 

x + Ax  + A 2 x  + . . .  + A n x  
lim A,~x = lira 

n~oo n-~oo n + 1 
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where 
I + B,~ + B,.,B,~_I + . . .  + B n B n - I  "'" B1 

A n = 
n + l  

In the next  section, we present the general version of Proposi t ion 1, which 

encompasses  more general versions of the SLLN (e.g. Woyczyfiski [6] and 

Hoffmann-Jorgensen  and Pisier [4]) and of the OET.  

2. T h e  main  result  

Before s ta t ing  our theorem we review some definitions. 

Given a Banach space X we denote by S ( X )  the set of all vectors x C X with 

]lxll = 1, where X* denotes the dual of X. 

A Banach space X is s t r i c t l y  c o n v e x  if 

II z + yII < 2 Vz, y E S ( X )  w i t h x ~ y .  

The  modulus  of smoothness  of a Banach space X is the function Px: ~ +  ~ IR 

defined by p x ( t )  = sup{(llx + YH + II z - YlI)/2 - 1 : IIx]l = 1 and ]IYll -< t}. X 

is u n i f o r m l y  s m o o t h  if p x ( t )  = o(t) as t ~ 0+; it is p - u n i f o r m l y  s m o o t h ,  

1 < p <_ 2, i f p x ( t )  = O(t  p) as t --+ 0+. 

The  norm of a Banach space X is F r 6 c h e t  d i f f e r e n t i a b l e  (away from zero) 

whenever for every x E X with x ~ 0, limx-~0(llx+ Ay] l -  Ilxll)/A exists uniformly 

in y e S ( X ) .  

To simplify the s t a t ement  below, we define a Banach space to be 1 - u n i f o r m l y  

s m o o t h  if it is uniformly smooth*.  

THEOREM 1: Let  T: X ~ X be a nonexpansive mapping  on a p-uni formly  

smooth  Banach space X ,  1 <_ p <_ 2, and let (x,~) be a T-mart ingale  ( taking on 

values in X ). I f  

(1) ~-~ n-PE(l[xn - Txn_ll]  p) < oo, 

then there exists  a continuous linear functional f E S ( X * )  such that 

(2) lim f ( x n )  = lim IIxnll _ i n f { [ [ T x -  xll: x e x }  a.e. 
n--,oo n n-,oo n 

If, in addition, the space X is strict ly  convex, 

(3) x n / n  converges weakly to a point in X ;  

* Note that  if X is p-uniformly smooth for some 1 <_ p <_ 2, then it is uniformly 
smooth and thus (Diestel [2, p. 38]) reflexive. 
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and if the norm of X" is lq'(~ehet differentiable (away from zero), 

(4) x~/n converges strongly to a point in X. 

Proposition 1 is a special case of tile theorem because any Hilbert space, It, 
is 2-uniformly smooth, and the norm of H" (i.e., If) is Fr6chet differentiable. 

Hoffmann-dorgensen and Pisier 14] demonstrate the SLLN for martingales in a 

p-uniformly smooth Banach space, under condition (1). Thus, Theorem I may 

be viewed as a generalization of both the Hoffmann-Jorgensen and Pisier SLLN 

for martingales an(l the OET for p-uniformly smooth Banach spaces. 

When (xn) is a deterministic sequence, the conclusions of the theorem already 

follow from the nonexpansiveness of T and the reflexivity of X (which is weaker 

than the p-uniform smoothness of X) and assumption (1) is obviously redundant. 

In fact conclusions (2), (3) and (4) are Theorem 1.1, and Corollaries 1.3 and 1.2 

of Kohlberg and Neyman [5], respectively. 

The extension of those results to the stochastic case requires the stronger con- 

ditions of Theorem 1. Indeed, we show that weaker conditions do not suffice: 

If the norm of X is not Fr~chet differentiable, we can construct a nonexpan- 

sive T-mart ingale (x,,) satisfying Ilxk§ - Zxkll <_ I everywhere and for which 

lira inf Ilx,,ll/n < l imsup IIx~[[/n. 

One may wonder whether weaker conditions would guarantee that  x .  converges 

in direction, i.e., that  x,,/[[xn II converges: We construct an example of a finite di- 

mensional normed space X that is not smooth and a T-martingale (x . )  satisfying 

[Ixk+l - T x k l l  < 1 and lira inf IIx.ll/n > 0, yet x~/ l lx . [ I  does not converge. 

3. Pre l iminar ie s  

The norm of a Banach space X is uniformly smooth whenever Ve > 0, 35 > 0 

such that Vx C S(X) and vllyll _< 5, 

fix * yl! ~- !Iz - y!'  < 2 + ~',1.~!1. 

If X is p-uniformly smooth, 1 < p < 2, then X is uniformly smooth. 

X is uniformly smooth iff every support mapping x -~ fx is norm-norm 

continuous from S(X) to S(X*) (e.g., Diestel [2, p. 36]). 

The property of p-uniformly smooth spaces that  is crucial for Theorem 1 is 

that  for any point, x, on the unit sphere, the norm in any neighboring point 

x + y is approximated by the supporting linear functional at x up to an error of 

order [iYlf. Formally, 
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Let p be the modulus of  smoothness of X .  Then for hi1 x, y E X ,  

II x + YBI <- f~(x + Y) + 2p(llYll/ilxii)ilx][, 

where A e s (x* )  with f~(z)  = Ilxll. 

Proof: By the definition of the modulus of smoothness, 

~ x y +2p(llyli/[lxl[), x + y ___2- Ilxll [lyll 

and therefore by multiplying both sides of the inequality by [ix[[ and using the 

equality 211xl[ - fx (x  - y) = f~(x + y), we have 

IIx + vii <-- fx(x + y) + 2p(llyll/llxll)llxll. . 

4. P r o o f  o f  t h e  m a i n  r e su l t  

It is easy to verify (see Diestel [2]) the following geometric interpretation of our 

conditions: X is strictly convex and reflexive* (respectively, the norm of X* is 

Fr~chet differentiable) iff every sequence x~ E S ( X )  satisfying f ( xn)  --+ 1 for 

some f E S (X*)  converges weakly (respectively, strongly). 

Thus, conclusions (3) and (4) of the theorem are immediate consequences of 

(2), which is restated below: 

PROPOSITION 2: Let X be a p-uniformly smooth Banach space, 1 < p < 2, and 

let T: X -+ X be a nonexpansive mapping. Then for every T-martingale, (x~), 

satisfying 

E n-PE( l lxn+l  - Txnli p) < ~ ,  

there is a linear functional f E S(X*)  such that 

lira f (xn)  _ lira [[x~[[ _ in f{ [ [Tx-  x [ [ : x  E X}, a.e. 
n - ~ o o  n n----~ e ~  n 

Proof: Let a denote infxex [[Tx - x]] and assume first that  a > 0. 'By lemma 

2.3 of [5], for all r > 0 and x in X, 

(5) [Ix(r) - Txl[ <_ [Ix(r) - x]] - a + 2rl[Txl[, 

where x(r) is the unique fixed point of the contraction T/(1  + r). Note that 

T(x(r) )  - x(r) = rx(r) and thus [[rx(r)][ > a, which in particular implies that 

* In the context of the theorem, reflexivity is automatically satisfied because p- 
uniformly smooth spaces, 1 < p < 2, are reflexive. 



Vol. 111, 1999 LAW OF LARGE NUMBERS FOR NONEXPANSIVE PROCESSES 99 

IIx(r)ll  -~  ~ as  r ~ 0 + .  For each y in X, y ~ 0, we denote by fy  the lin- 

ear functional of norm 1 (in X*) satisfying f y ( y )  = [[y[[. (That such a linear 

functional exists follows from the Hahn-Banach theorem; its uniqueness follows 

from the differentiability of the norm.) Fix x �9 X. Since [Ix(r)[] --~ oc as 

r ~ 0+, x ( r )  - x 7~ 0 for sufficiently small r and thus f x ( r ) - x  is well-defined. 

From (5), the inequality f~(~)_~(x(r)  - T x )  < [Ix(r) - TxII , and the equality 

f x (~)_~(x(r )  - x)  = IIx(r) - xll, it follows that 

f~ (~ )_x (Tx  - x)  > ~ - 2rllTxlt .  

Let f be a limit point of the linear functionals fz(r)-x (as r ~ 0+) in the 

weak*-topology with []f[[ _< 1 (the existence of such an f is guaranteed by the 

Banach-Alaoglu Theorem). Then f x ( r ) - x ( T x  - x)  ~ f ( T x  - x) as r ~ 0+ and 

2rllTx][ --~ 0 as r --+ 0+, and thus 

f ( T x  - x)  > a. 

As the norm of X is p-uniformly smooth, it is in particular uniformly smooth, 

which implies that the support mapping z --+ f~ from S ( X )  -- {x E X :  []x[[ -- 1} 

to X* is norm-norm uniformly continuous. As []x(r)[[ --+ co, for all x , y  in X, 

H(x(r) - x ) / l l x ( r )  - x  H - ( x ( r )  - y ) / l l x ( r ) -  ylll[ ~ 0 as r ~ co and thus f is also 

a w*-limit point of f x ( r ) - y  as r --+ O+ and therefore 

(6) f ( T y - y )  >_~ for a l l y � 9  

As i n f { l [ T y -  yll : y �9 x }  = ~ > 0, the  inequalit ies  a < f ( T x -  x) < 
III[[[ITx - x[[ imply that [[f][ > 1, and thus ]If I[ = 1. Altogether we have shown 

the existence of f in X* with Ilf][ = 1 for which 

f (E (xn+l l .T 'n ) )  > f (xn)  + a. 

As f is linear, f (Txn )  = Y(E(Xn+l[~-n)) = E(f(xn+l)[$-n) and thus 

(7) f(Tx,~) = E ( f ( x n + l ) l ~ n )  >>_ f (x~)  + a. 

Set zn = f ( x n ) -  E(f(Xn)prn-1) .  Then zn is an (~'~)-adapted stochastic process 

with E(znl~',~-l) -- 0. The inequality ] f ( x ~ ) - E ( f ( x , ~ )  I $'n_1)1 <__ Hx~-TXn_l[I 

implies that  ~ = 1  n - P E ( I z n l  p) < ee and therefore, by the strong law of large" 

numbers for real-valued martingales (see e.g. Feller [3], II, p. 243 for p = 2, and 

Chow [1] for 1 < p), n -1 }-'~=1 zk --~ 0, as n --+ co, a.e. Recall (see (7)) that 
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f ( f ( x ~ ) l . T ' k - l )  > f ( x k - l )  + ~ and so zk _< f ( x k )  - f ( x k - l )  - o, and thus by 

summing  over k = 2 . . . . .  n, ~-~=1 zk <__ f ( x , )  -- f ( x l )  - (n - 1)c~, which implies 

tha t  lim inf,-~oo n - l ( f ( x , ~ )  - ha )  >_ lira infn-~o~ n -1 ~-~=1 zk = 0 a.e. and thus 

(8) l i m i n f f ( x n ) / n  _> (~ a.e. 
I t  ---* "3~ 

Fix e > 0 and let x e E X be such that  []Tx ~ - :r e II < ~ + ~. Set x~. = xk - x e, 

and T ~ x  = T x  - x ~. 

For every, k let fk be a raudom variable with values in S ( X ' )  and such that  

fk (Texk)  = [[Texkl[. Denote lk = l ( f ( x { )  > o k ~ 2 )  and observe tha t  IlT~xk[[ _> 

f ( T e x k )  _> f(x~r and thus ]lTexkl[ _> o k ~ 2  o n  Ik  = 1. 

Deft ne zk + 1 = fk (x{+ l ) - [[ T~ xt-II. Then  zk is an Y~-adapted stochast ic  process 

of mar t ingale  differences. As ]z~+l[ <_ [Ixk+l - Txk[[, 

OO 

~--:k-"E(Iz~.+,l') < ~ k-"e'(llx~+, -rx~ll  ~) < o~ a.,,., 
k = l  k : l  

and therefore by the strong law of large numbers  for mart ingale  differences 

(Chow [l]), 

1 
~- -~A(x i :+ l )  IIT~xkl l  - ~  0 a s  n ~ ~ a.e. (9) n 
k=l 

By L e m m a  l, on T~xk # 0, 

( [ [xk+l  - Tx~ , [ )  
IIx~+,ll - A ( x ~ + , )  <_ 2p ~ ; x ~  " IIT~x~ll 

As X is p-uniformly smooth,  there is a positive constant  C such tha t  

( , , xk+ ,  - T x ~ , , )  c l l x k + , -  Txk,,  p 

- iiZ, xkllP-I 

on Texk  r 0. and therefore as IIZ~xk[I ___ c~k/2 on lk, 

(llx~-+~ll - A ( x ~ + ~ ) ) l ~  < K IIx~+~ - Tx~ll  p 
- k p - I  

By assumpt ion .  ~=~k-PE(llx~+~ -Tx~ll p) is finite a.e. and therefore 

~oo=~ k_P[lx~+ ~ _ Tx~llp is finite a.e. and thus, by Kronecker 's  Lemma,  

(10) - l ~ k m - P l l x ~ + ~ - 7 ' x ~ l ] P  ~ 0 a.e. 
7l n----* oc~ 

k = !  
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rl  

- y ~ ( l l x i + , t t -  A ( x L , ) ) z k  -~ o as ,~ -+ oo. 
r l  

k = l  

As c~ > 0 by assumption,  (8) implies tha t  almost everywhere, I ( f ( x ~ )  > c~k/2)  = 

1 for sufficiently large k, and therefore 

1 n 

- ~--~(llx%+lll - fk(x~+,) )  ~ 0 as n --+ oc, 
71 

k = l  

which, together  with (9), implies that  

(11) lira -1 ~'~ IM,+lli - IIT*x~ll = 0. 
r t - -+oo  7t 

k=l 

By the nonexpansiveness of T, IITxk - Txe l l  <_ IIxk - xel l ,  and therefore, by the 

triangle inequality, 

IJg~xkll  -< IIx~:ll § l l T x  ~ - S I I  < Ilxgll + a + e,  

and therefore 

l imsup -1 ~ tlTCxkl I - llx~:tl < a + e ,  
n---+ o o  n 

k = l  

which, together  with (11) and the equality lim,,_~o~([{x~,lj - I{Xnll)/n = O, imply 

that  

lira s ~ p  -1 ~ tlx~-+~ll - tlx~ll = lira s u p -  
n - - + o o  TI k = l  n - + o o  

As this holds for all e > 0 we deduce that  

(12) lim sup 

which, together  with (8), implies tha t  

IIx,,ll < a,  
/ /  

lira IIx,~ll = ~ = l i m  f ( x ~ )  
n rt 

which completes the proof in the case that  (~ > 0. 

qtxn+~ll IIx~LI 
TL 7/, 

a . e .  

< c, + ~. 
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I f a  = 0, let Y = ( X G N ) 2 ;  i.e., Y is the direct sum of X a n d / R  with the norm 

II(x,a)ll = (llxll 2 + a2) 1/2. Then  Y is p-uniformly smooth.  Define the Y-valued 

stochastic process (y~)n~176 by 

yn = (xn, n). 

Then  E ( y n + l  I 9r~) = ( T x n , n +  1) = S(yn)  where S: Y --+ Y is given by 

S(x ,  a) = (Tx,  a + 1). Note tha t  S is nonexpansive, inf{l[Sy - yl[ : y �9 Y }  = 1, 

and tha t  I lYn+l -  Sy~I[ = I [xn+ l -xn l l  and therefore ~ n - P E ( l l Y n + l -  Synl[ p) < 

oo. Thus  by the already proved result, we have that  a.e. 

1 = lim [lYn[[ _ lim ([[xnll2-[-n2)l/2 -- lim ( 1 +  [[XnH2/n2) 1/2. 
n - - + o o  72 n - - + o ~  T/, r ~ - + o o  

Therefore,  IIxnll2/n 2 --+ 0 a.s. as n --+ co, which implies tha t  

lim [[xnll _ 0 a.e. 1 
n---~oo n 

5.  A d d i t i o n a l  r e s u l t s  

We star t  with a corollary tha t  is a special case of Theorem 1. 

COROLLARY 1: Let A: X -+ X be a linear operator of norm 1 on a 2-uniformly 

smooth Banach space X .  Let Bk, k = 1 , . . . ,  be an ~k-adapted stochastic process 

of l inear operators on X such that 

E(Bn  I 5t',~-1) = A 

and 
O0 

E(IIBk - All 2) < ~ .  
k = l  

I f  there is a constant K such that IIAnll _< K a.e. where An is the r andom linear 

operator 
I + Bn + BnBn-1  + �9 " " + BnBn-1  �9 B1 

A n  z 
n + l  

then, for every x �9 X ,  there is a linear functional f C S(X*)  such that 

lim f ( A n x )  = Iim IIAnxll = inf{[lx + A y  - YlI: Y �9 X }  
n - ' +  OO n - - ~  OO 

If, in addition, the space X is strictly convex, 

a . e .  

(13) A~x converges weakly to a point  in X;  
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and if the norm of X* is Frgchet differentiable (away from zero), 

(14) Anx converges strongly to a point in X.  

Proof: Define the following T-martingale. T: H -+ H is given by Ty  = 

x + Ay, xl = x and X~+l = x + B~x~. Thus x~+l = A~x, and, as 

tlAnl[ < K,  k-2llxk+l - Txk[[ 2 < K[[Bk - All 2 and therefore 

O(3 

k-2E(Jl k+  - Tzkl?) < oo, 
k = l  

and thus by Theorem 1 there exists f C S(X*) with 

lira f (A=x) = tim IIA=xll = inf{llx + Ay - yll : y e x }  a.e. 
n - -+oo  n - + o o  

Conclusions (13) and (14) follow as in the proof of Theorem 1. | 

The following example due to H. Furstenberg and Y. Katznelson illustrates 

that the uniform boundedness of the [[Ak[I does not follow from the assumption 
oo E ~ k = l  ([[Bk - A[[ 2) < oo even when the Bis are independent: let fk be the 

sequence of +1 valued Rademacher functions. Consider the sequence of indepen- 

dent random operators Bi defined on H = L2[0, 1] by Big = (1 + fk/k2/3)g 

with probability 1/2 and Big = ( 1 -  fk/k2/3)g with probability 1/2. The 

random operators Bi, i = 1 ,2 , . . . ,  satisfy E(Bn ] B 1 , . . . , B ~ - I )  = I and 

E ( I I B i  - Ill 2) = i -2/3 and thus }-~.~--1 IlBi - Ill 2 < oo. The norm of the op- 

erator An equals (1 + (1 + 1/n 2/3) +-- .  + (1 + 1/n2/3) . . .  (1 + 1/12/3))/(n + 1), 

which is at least e x P ~ k =  1 k-2/a/(n + 1), which converges to infinity as n goes 

to oo; thus the sequence lIAr[ [ is unbounded and, by the uniform boundedness 

theorem, there is g E H such that the sequence Akg, k = 1, 2 . . .  is unbounded 

and thus obviously does not converge. 

A Banach space that is p-uniformly smooth, 1 < p _< 2, is uniformly smooth 

and reflexive. Our next result gives convergence results for IIx,~ll/n (and x,~/n) 

in uniformly smooth (and reflexive) spaces under an alternative assumption to 

(1). 

THEOREM 2: Let T: X -~ X be a nonexpansire mapping on a uniformly smooth 

Banach space X ,  and let (x,~) be a T-martingale (taking on values in X) .  If  

(15) E(llXk+l - T x k l l 2  I )rk) <_ V, 

then there exists a continuous//near functional f E S(X*)  such that 

(16) lira f (xn)  _ lim IIxnll = inf{llTx - xll:  x e X} a.e. 
n - -+oo  n n - + o o  n 
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If, in addition, the space X is strictly convex, 

(17) xn /n  converges weakly to a point in X; 

and if the norm of X* is Prdchet differentiable (away from zero), 

(18) xn /n  converges strongly to a point in X. 

Proof: As in tile proof of Theorem 1, it is enough to prove (16); (17) and 

(18) follow. Assmne that  a - i n f { [ I T x -  x[I : x E X} > 0. By the proof of 

Proposi t ion 2, it follows that  if X is uniformly smooth there is an f E S(X*) 

with f (Ty )  - f (y)  >_ ~ for every y E X and 

(19) liminf f(x,~)/n >_ c~. 

It is therefore sufficient to prove that  

(20) lim sup ]lx~ll/n _< c~. 

Together  they imply that  [[xn[[/n converges. 

I,et V _> E([]xk+l - TXk[] 2 [ 3t-k). Fix s > 0 and let, K > 0 be sufficiently 

large so tha t  V / K  < e. Then, as KE(!!xk+l  -Txkl l I ( [ IXk+l  --Txk!! > K)!~-k) <_ 

E([lxk+ 1 - -  Txkll2lTk) _< V, 

(21) E(llxk+l - Txklll(l[xk+l -- Txkl[ > K)l$'k) < e, 

and as [[xk+l - rxkl l  _< I[Xk+l - rxkl]  2 + 1, 

( 2 2 )  E(l[Xk+l - Txkll/(v + 1 ) [ I ' k )  _< 1. 

As X is uniformly smooth,  there is an M > 0 such that  if z E S (X)  and y E X 

with [[y - z[[ < K / M ,  then 

[lyl[ <- f~(y) +~l ly  - zll /(V + 1). 

Thus,  by choosing x E in X with [[Tx E - xe[[ < a + e, sett ing x~r = xk - x ~, and 

using the above inequality (with z = Txk - x e and y = z + xk+l - Txk) ,  we 

deduce tha t  on f (xk)  > M + f ( x  ~) (which implies IIx ll > M), 

(23) [',x~c+l',]l(iixk+l - Txkll <_ K) _< 

_< (g(x~+1) + ellXk+l - Txkl l / (V  + 1))l(llXk+l - Txkll _< K),  
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where g = fTxk-x~ .  Note tha t  

IITXk -- xe II = g ( T x k  - x e) = g(xk+l - x  ~ + T x k  --Xk+l) __< g(x~+ 1)+ ]lTxk --Xk+l II 

and therefore 

(24) IIX~+lll = IlXk+l - - T x k + T x k - - x e l l  _< g(x~+l) + 211Xk+l - -TxkH.  

From (23) and (24) we deduce tha t  on f (xk)  > M + f ( x~) ,  

llx~+l]l <g(x~+l)  + r - TxkHI(lIxk+l - TxkH _< K ) / ( V  + 1) 

+ 2Ilxk+, - TxkllI(IlXk+l - Txkll  > K) .  

As g = fTx~-x, a n d  (xk)  is a T-martingale, E(g(xL1)ls = g(Txk - x ~) 

= IITxk - a ~ l l ,  and, by the nonexpansiveness of T and the triangle inequality, 

IITxk - x~ll = IITxk - T x  ~ + T x  ~ - x~ll < IIx~ll + ~ + ~, and therefore  

E(g(xE+,)l~k ) <_ IIxE]l + a + ~, 

and thus, on f (xk)  > M + f(x~),  

E(llX~+11117k) < IIx~ll + a + c +  

+ E ( e I I x k + t  - T •  + 1) + 21txk+l - T x k l l I ( l l x k + l  - Tx~ l l  > n ) l ~ - k ) ,  

and therefore using (21) and (22), 

E(llx~+llll)rk) -- IIx~]l)I(f(xk) > M + f (x~) )  < a + 4e. 

Therefore, 

n 

l imsup 1 E(E(IIx~+111igrk ) _ iix~ll)i(f(xk) > M + f ( x e ) )  < a + 4~. 
1 

As a > 0, f (xk)  --+ c~ a.e., implying tha t  }--~.~ I ( f ( x k )  <_ M + f ( x e ) )  is finite 
a.e. and thus 

(25) lim sup 1 y ~  E(IIxZ+xlII~%) - lix~ll < ~ + 4~. 
n 

1 

Set Yk+l = Ilx~+lll - E(llx~+lllt}-k). Note tha t  (yn) is ~'n-adapted and tha t  
k oo E(yn+119rn) = 0 and thus the sequence ( y ) k = l  is uncorrelated. Also, 

Var(yk+l) =E((llx~+lll- E(llxg+~lll~'k)) 2) 
<2E((llx~+lll  - IITxk - xell) 2) + 2 E ( E ( I I T x k  - xell - IIx~+l N 19rk) 2) 

<2E(llXk+l -- Txk II 2) + 2E(l lTXk - Xk+l I] 2) 

<_4V. 
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Thus  (Var(yk))~=l is uniformly bounded and, by the s t rong law of large numbers  

for uncorre la ted  random variables, 

7l 

lim Z ( I [  c - x k + l l [ -  E ( I I x ~ + I l I I ) - ~ )  = O, 
n 

1 

which, together  with (25), implies tha t  

1 tt  �9 1 E 
l imsup  - n Z ( l [ X ~ + l  H - [[x~r = h m s u p  ~/([IXn+l[[ -- ][X~[[) ~ Of -t- 4E, 

k = l  

and thus l imsup l [x~+ l l [ /n  < Of + 4e. As I l lx~ l l -  IIx=lll _< llz~l[, it follows tha t  

l imsup  Ilx~ll/n _< Of+4e and, as this holds for all E > 0 ,1 imsup l lx ,  ll/n < a a.e., 

which, together  with (19), completes  the proof of the theorem for a > 0. 

If a = 0, let Y = ( X ~ R ) 2  (i.e., I[(z,s)ll ~ = ffxl[2 + s2). We define a non- 

expansive  m a p  7~: Y --+ Y by 7~(x,t) = (Tx, t + 1). Let y~ = ( x , , n ) .  Then  

7 ~ is nonexpansiw;,  Y is uniformly Fr6chet differentiable, and (Yn) is a Y-valued 

stochastic: process with 

E(y=+1I~'~) = 7~(y~), 

[lYk+a -Tykli = Ilxk+l - T x k [ [ ,  and inf{I]7~y-  yll : y E Y} = 1. Thus,  by 

the result  a l ready proved in the case a > 0, lim Ily,,li/n = 1 a.e., which means  

t ha t  lim([Ix~ll 2 + n2)�89 = 1, which implies tha t  lim,~-~o~ ]]x,]l/n = 0. This  

completes  the proof  of Theorem 2. II 

Remark :  If X is finite dimensional,  then X is uniformly smooth  iff the norm 

of X is smooth ,  i.e., differentiahle a t  each x r 0 and X is s tr ict ly convex iff the 

norm of the dual X"  is Fr6chet differentiable. 

In the finite dimensional  case we will prove converses to the convergence results. 

T h e  direct  and converse s t a t ements  are summar ized  in the two theorems below. 

THEOREM 3: The following conditions on the finite dimensional normed space 

(X,  l[ /[) are equivalent: 

(i) For every nonexpansive T: X --+ X and every T-martingale (xn),~~ 0 with 

[ [ X k + l  - -  Txk[[ uniformly bounded, [[xnll/n converges a.e. 

(ii) For every nonexpansive T: X -+ X and every T-martingale (x,~)n~162 with 

E(l lxk+l  -- Txkll 2 I ~'k) uniformly bounded, [[xn[I/n coverges a.e. 

(iii) The norm of X is smooth. 
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THEOREM 4: The following conditions on the finite dimensional normed space 

(x ,  J) J)) are ~quivalent: 
(i) For every nonexpansive T : X -+ X and every T-martingale (x,~)n~__0, with 

[[xk+l - -Txk  [[ uniformly bounded, l i m x , / n  coverges a.e. 

(ii) For every nonexpansive T : X ~ X and every T-martingale (x~)~__0, with 

E(I]xk+l - Txkl] p I ?k)  uniformly bounded for some 1 < p _< 2, l imx~ /n  

coverges a.e. 

(iii) The norm of X is strictly convex and smooth. 

A finite-dimensional space is uniformly smooth iff its norm is Fr~chet differen- 

tiable; thus the implications (iii) -+ (ii) of Theorems 3 and 4 follow from Theorem 

2. The implication (ii) --+ (i) is obvious. By Theorem 1.4 of [5], condition (i) 

of Theorem 4 implies that the norm of X is strictly convex. It remains to show 

the implication (i) -~ (iii) in Theorem 3. We will show that if X is a Banach 

space whose norm is not Frdchet differentiable, then there is a nonexpansive map 

T: X --+ X and a T-martingale (Xn)n~176 0 with [[xk+l -Tx k [ [  < 1 everywhere and 

for which lim sup []x~l[/n ~ liminf [[x~ll/n a.e. 

Assume that  the norm is not Fr~chet differentiable at a given x in S(X) .  There 

is an r > 0 and a measurable function t ~ Yt from (0, oc) to S ( X )  such that for 

all 0 < t < c~, 
IItx + ytll + lltx - ytll 

> t + E .  
2 

Define T: X ,  X by T y  = ([lY[[ + 1)x. Then [[Ty -Tz[[  <_ [[[y[[- [[z][[ _< [[y - z[[, 

i.e., T is nonexpansive. We define a T-martingale (xk) taking on values in X as 

follows: Let ni be an increasing sequence of positive integers with nl = 1 and 

l im~oo ni+l/n~ = oo. For every n2i-i  <_ k < n~,  

x k ~ T x k _  1 

where x0 = 0, and for n2i < h < n2i+l, 

E(Z(•  = T x k - 1  + Yk) I ~ - 1 )  = 1 /2  = E ( / ( x n  = T x k - 1  - Vk) I f ~ - l ) .  

It is easy to verify that  (xk) is a T-martingale with ]]Xk+l -- Txk[] < 1 and that 

I ITy-TzH << Illyll-Ilzlll <_ Hy-zll,  i.e., T is nonexpansive. Also, limsup Hxnl]/n >_ 

1 + 6/2 a.e., while liminf Hxn]l/n = 1 a.e. 

We do not know whether--under  the assumptions of Theorem 1 (nonexpan- 

siveness of T and p-uniform smoothness of X, 1 < p < 2)- - the  equalities (2) 

imply condition (1). However, we have a partial result in this direction: 
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A Banach space X is p-smooth, 1 < p <_ 2, if Vx C S(X) ,  3Cx > 0 s.t. 

Vy ~ S ( X ) ,  

IL~ + tYll + IIx - tYll - 2 < C ~ t ~ .  

If X is not p-smooth - -  and therefore, obviously, not p-uniformly smooth  -- 

there is a nonexpansivc T: X --4 X alld a T-mart ingale (xk) with 

r 

~--~ k - P E ( l l x k + l  - Txkl[ p) < oo 
k = l  

and for which lim inf [[xn[l/n < lim sup IIx,,ll/n a.e. 
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